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ABSTRACT. Let Syr(n) = (3n+1)/2"2G" 1) denote the Syracuse (accelerated Collatz) map
on odd integers, my its k-th iterate, and sa2(n) the binary sum of digits (Hamming weight,
popcount). We prove that for every o ¢ Z and every fixed k, Zn<N7 n odq €(a s2(mi(n))) =
o(N), an annealed (seed-averaged) equidistribution statement for the binary digits of Syra-
cuse iterates; and that the same holds uniformly for depths k < (co — €)log, N with the
unconditional constant cop &~ 0.124. The bottleneck is a single-modulus equidistribution prob-
lem for so along arithmetic progressions of difference 3® (Problem T1), for which all known
power-saving results are averages over the modulus. We give an exact orbit-decomposition
of the associated second-moment transfer sum: the full-period products admit a closed cy-
clotomic evaluation (at the parity character the orbit product equals 9 at every 3-adic level,
locating the Newman—Coquet resonance exactly and only at level one), and the deep-window
regime is exactly diagonal. This reduces the expected mean-square bound, and with it a
depth constant co = % — € matching the information-theoretic ceiling, to one arithmetic in-
equality on signed binary representations of multiples of 3™, together with a mass-weighted
non-concentration bound for cylinder offsets (a count-multiplicity version stated in an ear-
lier draft is refuted here, by pigeonhole in the fixed unit group modulo 3%; the repaired
hypothesis is on the £2 mass of the offset profile). That residual signed-weight input is here
identified with a non-concentration property of the Thue—Morse spectral measure on 3-adic
sublattices. On this path we now prove, unconditionally, three of the previously measured
facts: an exact power lower bound M(N) > 2N # with 8 = log, HT‘/W for the Thue-Morse
mean-square (a transfer-operator eigenvalue), the exact finite spectrum of the associated
transfer operator (spectral radius 91/ Pt /2] %, so each fixed level contracts geometrically),
and the doubling-invariance of the Thue—Morse measure and its autocorrelation; combin-
ing the first with a renormalization estimate yields an unconditional per-level contraction
L(n,N) < CM(N) 379" §' ~ 0.33. We then sharpen this to the optimal rate: refining
the energy recursion by the pair-index residue modulo 3™ gives an exact linear transfer
operator whose balanced top eigenvector forces equidistribution, yielding the unconditional
level-one non-concentration L(1,N)/M(N) = &+ + O(N~7), v = log,(v/17 — 3), and per-
level L(m, N)/M(N) — 3™ (concentration exponent § = 1) for every fixed m, with the
exact finite spectrum of the mod-3 refinement (imbalance radius p2 = (5 + +/17)/8, level-
independent). A closed-form ergodic-optimization lemma (max, [ log(2sin®7z)du = log 2,
unique maximizer the {1, 2} cycle) pins the resonance variationally. The one hypothesis left
— that the imbalance radius equals w2 uniformly in m — is reduced by an exact twisted
3 x 3 = 2 x 2 cocycle reduction, the Galois-rational trace identity Dy, = det Q, = 8 F
(®3m(—1) = 1), and a Schur-Cohn criterion to the single scalar inequality T, < 1; this in
turn reduces, by an exact Frobenius block-tiling bound and an exact Ramanujan equidis-
tribution (whose units avoid {0, 1, 2}, arithmetically bypassing the w = 1 fixed-point ob-
struction that provably blocks every Lyapunov certificate), to the single integral inequality
fol w16 < 0, verified to > 200 and covered exactly for m < 13. Thus every arrow of the
chain [T, < 1] = (TM-£*,6 = 1) = K2 = (MS) = ¢o = 1 is proved except two named
inputs: the pending interval certification of [ ¢16 < 0 and the measured-favorable mass non-
concentration (MULT-mass). The unconditional depth constant is unchanged at ¢o &~ 0.124;
we do not claim ¢y = % unconditionally. We state precisely what is proved, what is conjec-
tured, and where the genuinely Collatz-hard quenched obstruction begins.

Additions in v6 (25 July 2026). Two developments postdate v5. (i) Machine verification.
The three technical lemmas underlying the uniform § = 1 certificate — the Schur—-Cohn
stability step, Ramanujan exactness for the prime power 3™, and the Jackson-kernel identity
and weighted bound — have been formalised in Lean 4 with Mathlib. The development
comprises 79 declarations and depends on no admitted statement: every theorem passes
#print axioms resting only on propext, Classical.choice and Quot.sound. Since Mathlib
contains no Fejér or Jackson kernel, the identity fol (sinnrt/sin wt)* dt = n(2n® + 1)/3 was
built from character orthogonality upward; the proof reduces the integral to the cardinality
#{(i,5,k,1) € [0,n)* : i+ j = k + 1} and evaluates it by fibring. A kernel-only certified
rational interval arithmetic is included for the finite residual. (ii) An ezact constant. The
carry-state transfer matrix appearing in recent work on Gowers-norm bounds for the Thue—
Morse sequence is shown to coincide with the operator solved exactly in Section 8; its
spectral radius is (1 +1/17)/8, so the associated exponent is 7o = 1 — log,((1 + v/17)/4) =
0.6429813631 ... = 1—f3, the same algebraic number as the energy exponent of Theorem 7.4.
See Section 10.
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1. INTRODUCTION

The Collatz (3x+1) conjecture concerns the map n — 3n+ 1 (n odd), n — n/2 (n even).
Its standard acceleration is the Syracuse map on odd integers,

3n+1
Syr(n) = BT a(n) = 2(3n+1),
and we write my(n) = Syr®(n). This paper studies the binary sum-of-digits function sy
(equivalently the Hamming weight or popcount) along Syracuse iterates, through the expo-
nential sums

(1) Sp(a; N) = E e(a s2(mi(n))), e(z) = 2™,
n<N
n odd

Equidistribution of se(mg(n)) in residue classes for every k along a single orbit (the “quenched”
statement) is essentially the Syracuse binary-normality property, a 2-adic companion to Tao’s
3-adic equidistribution conjecture for Syracuse random variables [20, 21]; it is open, and it
is blocked by the non-arithmetic conjugacy obstruction of Bernstein—Lagarias [3]. The re-
sults below are annealed — averaged over the seed n — and are, to our knowledge, the first
unconditional equidistribution statements for binary digits of Syracuse iterates.

1.1. Main results.

Theorem 1.1 (Fixed depth). For every o € R\ Z and every fized k > 1,
Si(a; N) = or(N), N — oc.

Consequently sa(my(n)) is equidistributed modulo q for every fixred ¢ > 2, on average over
odd seeds n < N.
Theorem 1.2 (Growing depth, unconditional). Let v(«) be the Gelfond exponent (3) and
Oprov(@) = v(a)/(1 — v(av)). For every a ¢ Z and € > 0, Si(c; N) = o(N) uniformly for all

1
2+ Oprov () logy 3

The binding character is the parity character o = %, for which v = logy 3, Oprov = 3.82.. .,
and ¢y ~ 0.124.

k < (co(a) —e)logy N,  co(a) =

Three further constants calibrate Theorem 1.2. If the single-modulus digit-AP problem
(Problem T1 below) were available with exponent # = 1, the same proof would give ¢y =
1/(2 4 logy 3) ~ 0.279; the information-theoretic ceiling of the annealed statement is ¢y =
% (beyond depth %10g2 N the cylinder decomposition degenerates to single seeds and the
statement becomes quenched); and numerically the cancellation in (1) persists to depth
~ 241logy N = logy, N/logy(4/3), the orbit-absorption depth at which orbits reach the
terminal cycle. Thus the rigorous constant is limited by proof technique, not by the truth:
empirically the mean phase shows power-saving cancellation with onset length O(1) in the
modulus (Section 13).

1.2. The conditional path to the ceiling. Our second contribution is a lossless structural
reduction of the gap 0.124 — % Define, for odd d and « ¢ Z, the digit-AP sums and the
transfer sum

204
(2) Se(L) = Z e(a sa(a+dn)), T(v,d,a) = Z H4COSQ(7I‘<OZ + 7‘7)),

n<L jmodd i<v
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linked by the exact Parseval identity Y, .4 415a|> = T(v,d, a)/d for N = 2" = dL (Lemma 5.2).
For d = 3™ we prove that the transfer sum decomposes exactly along the x2-orbits of Z/3™
(one orbit per level, as 2 is a primitive root), that the full-period orbit products admit the
closed cyclotomic evaluation of Theorem 6.1 — in particular Qm(%) =9 at every level m, so
the Newman—Coquet resonance [13, 5] occurs exactly and only at level one — and that in
the deep-window regime r < mlog, 3 the window sums are exactly diagonal (Theorem 6.2).
What remains is a single arithmetic inequality on signed binary (NAF) representations of
multiples of 3™ (Conjecture 6.7); its truth, together with a mass non-concentration bound
for Syracuse cylinder offsets (Conjecture 6.9, the repair of a count-multiplicity conjecture re-
futed in Remark 6.8), implies ¢ =  —¢ (Theorem 6.10). The measured shape of the kernel is
recorded in Section 13: the excess is entirely resonance-shaped, X,,(r) ~ 0.66- 2(2y=1)r /3m—1,
giving T = dN + ©O(log N) N?7.

1.3. What this does and does not say about Collatz. Everything here is annealed.
The quenched statement (fixed orbit, & up to the orbit length) is equivalent to a k-uniform
seed xdepth bilinear bound which fails at the cylinder-aggregation step precisely because the
word-to-offset map is non-arithmetic across words — the Bernstein—-Lagarias obstruction [3],
which we regard as the genuinely Collatz-hard boundary (Problem T2). No claim toward
the Collatz conjecture is made. The interest of the annealed theorems is (i) they are, to our
knowledge, the first unconditional digit-level equidistribution results for Syracuse iterates;
(ii) they isolate, in Problems T1/T2 and Conjectures (MS)/(MULT-mass), exactly which
parts of the problem are ordinary analytic number theory and which are Collatz-hard.

2. PRELIMINARIES

2.1. The Syracuse map in binary. For odd n, 3n+1 = n+(n<1)+1: an add-with-carry;
the trailing bits of n determine a(n) = v2(3n + 1), and P(a(n) = j) = 277 for odd n drawn
uniformly from a dyadic range (in the natural-density sense). Two exact facts anchor the
digit viewpoint.

Lemma 2.1 (Weight invariance of the even steps). so(Syr(n)) =s2(3n +1).

Proof. Division by 2% removes trailing zeros only; it shifts bit-length but never the multiset
of ones. ]

Lemma 2.2 (Piecewise-affine structure of my,). Let s = (a1, ..., a;) € NF, £(s) = a1+ - +ay.
On the 2-adic cylinder of odd seeds realizing valuation pattern s,

3Fn + c(s b i ettt
mp(n) = 2((5)( ), c(s) = ZBk Quttai-
=1

The cylinder is an arithmetic progression of seeds modulo 2191 of density 27)~1 among

odd residues; the total mass telescopes, >, 2-s) = 1 at each depth. Consequently the image
{mg(n)} restricted to one cylinder is an arithmetic progression of odd difference 3*.

Proof. Induction on k from mq(n) = (3n + 1)/2'; composing affine maps with the stated
valuations gives the formula, and the cylinder condition constrains n modulo 2¢+1. O

Lemma 2.2 is the arithmetic handle on the iterate: the sum (1) splits into digit sums
along APs of difference 3*. The number of nonempty cylinders at depth k within [1, N] is
(Uogg NJ)(l + o(1))-many in the relevant range, which is NH#(U+e(M) for k = clog, N, with
H the binary entropy.
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2.2. The Gelfond exponent. For o ¢ Z let

3)

v(a) = log,(spectral radius governing mﬁax‘ Z e(asa(m)+Bm)|), ‘ Z e(asy(m)+pm)| < Cou M),
m<M m<M

uniformly in 8 [8, 11]. For the parity character, 7(%) = log, 3 = 0.79248 ..., sharp on the
Newman—Coquet frequency g = :I:% [13, 5]; 7(%) = 0.7535. ... Gelfond’s theorem [8] gives,
for each fixed odd d, equidistribution of sy along n = a (mod d) with a power saving whose
constant depends on d; crucially, no known bound makes the exponent uniform in d (see
Section 5).

3. FIXED DEPTH: PROOF OF THEOREM 1.1

By Lemma 2.2, for fixed k split (1) over cylinders. Cylinders with £(s) > Ay contribute at
most 2~ N in total mass; choose Ay, large. The Opr(1) remaining cylinders each contribute
a sum Y e(a sp(-)) over an arithmetic progression of odd difference 3% and length <, N.
Gelfond’s theorem [8] applies to each (in base 2 the coprimality condition ged(d,2) = 1 is
automatic for d = 3%), giving a power saving with a constant depending only on k. Summing
the Og(1) cylinders and letting Ay — oo slowly proves Theorem 1.1. O

Remark 3.1. The case k = 1 is already the substantive novelty: equidistribution of so ((3n+

1)/ 2a(”)) over odd n < N. By Lemma 2.1 this equals s3(3n + 1): the theorem quantifies how
the single shift-add-carry randomizes binary weight on average.

4. GROWING DEPTH: PROOF OF THEOREM 1.2

At depth k = clogy N the cylinder APs have typical length N/2%* (typical ¢ =~ 2k) and
difference d = 3%; the proof of Theorem 1.1 survives as long as each AP is long enough for
a d-uniform power saving. The engine is the finite Fourier expansion: with G(M;«, ) =
S ers elasa(m) + Bm),

1 ) ;
(@) Y elassm) == > e(—jo/d)G(Miad), || < Ca

m<M 7 mod d
m=a (d)

1
cd- M7 =CyM".

Q|

The d-fold triangle inequality over the frequencies {j/d} is the entire loss. A sum over
an AP of length L inside [0,dL) is nontrivial when C(dL)Y = o(L), i.e. L > d%rov*e with
Oprov = 7/(1—7). Requiring N/2% > (3F)%rovte yields k < (cg—e’) logy N with g = 1/(2+
Oprov 10gs 3), and the cylinder aggregation converges because the cylinder mass telescopes
(32,27%%) = 1) while the cylinder count N¥(©) satisfies H(c) < 1 throughout ¢ < 3 a
bounded-tail truncation in ¢ as in Theorem 1.1 completes the argument. At o = %: Oprov =
3.82, cg ~ 0.124. O

Remark 4.1 (History of the constant). An earlier version of this argument asserted ¢y =~
0.279, corresponding to # = 1; that step assumed a digit-AP bound uniform in the offset
which is not a theorem (the high-digit part of sy sweeps ©(d) values along the AP rather
than being constant over a low period). The corrected unconditional constant is ¢y ~ 0.124.
Gelfond-type fixed-d savings [8, 10] have constants provably growing with d, and every 6 < 1
result in the literature — Fouvry—-Mauduit [7], Miillner—Spiegelhofer [12], Spiegelhofer’s level-
of-distribution theorem [16] — is an average over the modulus d, the wrong quantifier for the
single fixed d = 3% needed here.
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5. THE SINGLE-MODULUS PROBLEM T1 AND THE OFFSET AVERAGE

Open Problem 5.1 (T1). Prove, for fixed odd d — oo (specifically d = 3F), a bound
max,|Y",,.; e(e sa(a + dn))| = o(L) valid for L > d? with some 6 < fprov(at), uniformly in
the offset a. Any 6 < 3.82 at o = % improves Theorem 1.2; 8 = 1 gives ¢g = 0.279; the

numerics of Section 13 indicate the truth is 6 = 0 (onset length O(1) in d).

Averaging over the offset removes half of the frequency loss but not enough:

1 :
Lemma 5.2 (Parseval identity). For N = dL = 2", Z |Sa (L) = p Z |G(N;a, §)|2
a mod d j mod d
T(v,d, )

y , with T as in (2) and |Gj|2 =11

4cos®(m(a + 2% /d)).

i<v

1/2
Proposition 5.3 (Offset-averaged bound). <$ > \Salz) < Cd"~'2L", so the root-mean-

square offset is nontrivial for L > d%vs, Oave = 71%17/2 Gavg(%) =1.41, Gavg(%) = 1.03.

Proof. Insert max; |G| < CN7 into Lemma 5.2. O

However, running the averaged bound through the cylinder aggregation of Section 4 by
Cauchy—Schwarz costs a factor v M, M = N9 the cylinder count, and the resulting condi-
tion H(c) < 2 — 27 yields only ¢ < 0.086 < 0.124: the offset average alone does not improve
the unconditional constant. Its value is structural, via the exact analysis of the next section.

6. EXACT STRUCTURE OF THE TRANSFER SUM

Throughout, d = 3™, f(x) = 4cos?(r(a+x)), N = 2". Since 2 is a primitive root modulo
3™, the nonzero frequencies j/3% of level m (i.e. j = 3¥~™u, 3 {u) form a single x2-orbit of
length P, =2-3™ L

Theorem 6.1 (Cyclotomic evaluation of full-period products). For odd q and any o, [| 4 cos? (7r(a+

u mod q
%)) = 4 cos?(mqa). Hence the level-m orbit product is

cos?(3Mra)
cos?(3m~1ra)

Qm(a) = (when defined), and Qm(3) = 9 for every m > 1.

% satisfies, at o = %: A1 =log,3 = 27(%)

(the Newman—Coquet resonance, exactly and only at level one) and A\, < logng < 1 for all

Consequently the per-step growth rate A\, =

m 2 2; at a = % Q1 =4, Qn =1 for m > 2; and for generic a the products telescope,
[Ln<r @m = cos?(3Fra)/ cos?(ma).

Proof. From [[, 04 4(1 + ze(u/q)) =1 — (—2)? with z = e(a) and |1 + e(z)]? = 4cos?(mz),
using ¢ odd. The primitive product is the ratio of the full products at ¢ = 3™ and g = 3™,
At o = 1 both sides vanish (the u = 0 factor); instead use HZ;11 2sin(mu/q) = ¢, whence
H3+u4sin2(7ru/3m) = (3™)2/(3m71)2 =9, and fy5(x) = 4sin®(7z). O

Theorem 6.2 (Exact deep-window diagonal). For every o and every window length r <

mlog, 3, ‘
Z H f(?))%b) = 3m2" ezactly.

uw mod 3™ i<r
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Proof. Expand [];(2 + e(a + 2u/3™) + e(—a — 2'u/3™)) into signed-digit configurations
e € {0,41}" with phases e(u W (e)/3™), W(e) = >_&;2". Summation over all u annihilates
every configuration with 3" { W. Distinct signed powers of two never sum to zero, and
0 < |W] < 2" < 3™ excludes divisibility, so only £ = 0 survives, with weight 2" per residue. [

In the normalization g(z) = 2sin?(7z) (so that at o = 3 each factor is f/2), the primitive
level sums By (r) = >, prim (3) [Tic, 9(2v/3") admit three further exact statements.

Theorem 6.3 (Exact resonant term and primitive decomposition). (i) g = % tdentically on
the level-one orbit {1,2}, hence Bi(r) = 2 (3)" exactly for every r > 1; in particular the
kernel constant below is exactly % (ii) The (%)T term cancels from every primitive difference:
A1) = S moagm Ticr § = 2007 + Sy Bulr). (iid) Forr > By =231, ¢ > 2: By(r) <
9C Py(3)Pt (exponentially suppressed; O(1) in total), while for r < tlogy3, By(r) = 2-3!71
exactly. Moreover By(r) > 0 always, since g > 0.

Consequently the full conjectural bound reduces to a one-sided, per-level estimate:
Conjecture 6.4 (K2). By(r) < C - 3! uniformly in the mid-window tlogy3 < r < 2-3t~1,

Conjecture 6.4 is equivalent to Conjecture 6.7 below (with the exact constant %), and no
sign cancellation is required anywhere: only an upper bound on a positive quantity. Measured:
0 < B;/(2-31) < 1.43 throughout, with the constant apparently tending to 1; the sharper
extended measurement below gives B; < 1.04 - 3! for t < 14.

The primitive sums B; are governed by a finite transfer operator whose spectrum we
can compute exactly. On C[Z/3!] let (Mih)(u) = g(u/3") h(2u mod 3%), so that Bi(r) =
1Tblock[ 1 where block; is the restriction of M; to the units.

Theorem 6.5 (Exact finite spectrum of M;). Write P, = 2371 and up = {¢: ¢ = 1}.
(i) The valuation sectors Vi, = span{e,, : v3(u) = k} are each M;-invariant.
(ii) On the units Vy, the map u — 2u is a single cycle of length P, (as 2 is a primitive
root modulo 3'), so block; is the cyclic weighted shift with weights w; = g(27ug/3")
along the orbit, and By(r) = Zf;gl H;;Ol Wit (indices mod P;).
(iii) The spectrum of block; is the full circle of radius

1/ Py 1/P; 1
. . 9 _ 9l/P
e = (Hj wj) = <2Tt> =7

strictly decreasing with ry | % and 1y < 91/6/2 = 0.72113 < 1 for all t > 2. Conse-

quently
t

spec(M;) = {£3} U (Jry-pp, U {0},
s=1
the top pair :i:% carried by the level-one suborbit {3=1,2-3'1}; and for each fived t,
Bi(r) — 0 geometrically as r — oo.

Proof. (i) Since 2 is a unit modulo 3¢, v3(2u mod 3') = v3(u), and multiplication by g(u/3")
does not move support; hence each V is invariant. (ii) 2 generates (Z/3")*, of order ((3!) =
2. 37! = P, so the units form one (2)-orbit; on it M; is the weighted cyclic shift, and
1"block!1 is the sum of its length-r window products. (iii) A length-P weighted cyclic shift
has characteristic polynomial A — ] Wy, S0 its eigenvalues are the P-th roots of []| 5 Wjs all

of modulus ([]; w;)/P. Here [ wj = I, 9(v/3") = H%% - 4sin?(mv/3Y) = 277 . 9 by
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the cyclotomic evaluation of Theorem 6.1 (H3@4sin2(7rfu/3t) = (39)2/(3171)2 = 9), giving
ry = 9Y/F¢ /2. The valuation-k sector reproduces the level-(t — k) primitive block and u = 0
contributes 0 (as g(0) = 0), so spec(M;) decomposes over levels as stated; level one has
P =2, =9Y2/2 = 3 1oots {£1}, i.e. the pair £3. Finally 7, < 1 gives By(r) — 0 by
Gelfand. O

Theorem 6.5 settles the qualitative danger flagged by K2 — an eigenvalue creeping to-
ward 1: the spectral radius is uniformly < 0.7211 with a constant gap below 3/2. What it
does not settle is the transient: block; is extremely non-normal, so 7y < 1 does not bound
sup, B;(r)/P;; that supremum is a maximal sub-arc product of the cyclic weights, measured
< 1.56 (hence By < 1.04 - 3!) for t < 14 with no growth trend, but not proved uniform. This
transient is precisely the mid-window kernel of K2.

Remark 6.6 (Cycle census: correction to the resonance picture). The resonance is the

doubling 2-cycle {%, %}, on which ¢ = 2. An exhaustive census of all doubling cycles of period
12
e 33
per-period geometric mean gm(C) = ([T,cc 9(2)) /19 exceeds 1 (2,783 such cycles exist, e.g.

gm ~ 1.30 on a period-7 cycle). What is true — and what the argument actually needs —
is that {%, %} is the uniqu@ mazximizer: maxc gm(C) = % exactly, uniquely attained there
(runner-up = 1.41). Since % < 2, each cycle’s geometric window-sum Zj (gm/2)’ converges,

< 20 (111,012 cycles) corrects a natural but false premise: {z, £} is not the unique cycle whose

so no single resonance breaks the 3! budget; the obstruction is the sum over the infinitely
many sub-dominant cycles — an ergodic-optimization quantity, sup, exp [loggdp = % over

doubling-invariant .

Two further structural facts inform Conjecture 6.4. Via Ramanujan sums, B (r) =
ZE(—%)S(E)Cg,t(W(E)), a signed, weight-discounted count over signed binary representations
of multiples of 3. The unsigned weighted representation count Ereps of w 27 ° tends to 1 for
every odd W (padding tails), so minimal-weight lower bounds alone cannot prove K2 — the al-

ternation (—1)® is essential. In the infinite-window limit the signed count p(W') = Zreps(—%)s

satisfies p(0) = 1, p(2W) = p(W), p(W) = —3[p(¥52) + p(Y52)] for odd W, and is precisely
the W-th Fourier coefficient of the Thue—Morse spectral measure, the non-dissociate Riesz
product [[;(1 — cos(272'z)) [14, 1]. We correct here a claim of the previous version: the
pointwise bound |p(W)| < 27Nar(W) is false — already p(3) = 2 >272 and the purported
induction breaks precisely when the two branch depths of the recursion coincide. What is
true is only an empirical, unproved Lyapunov rate of the averaging recursion: numerically
—logy |p(W)| = 0.73 syar (W) (measured to W < 107, validated against exact rational arith-
metic). Conjecture 6.4 at infinite window is thus a boundedness statement for Ramanujan-
weighted sums of Thue-Morse Fourier coefficients along the multiples of 3~!; the residual
arithmetic input is a slab bound

(5) Z 9—sNaF (w3 1) <C (X < 2501&)7
1<|w|<X
on signed binary weights of multiples of powers of 3. The unrestricted sum is not bounded: a
random-digit model, validated against exact computation over six orders of magnitude, gives
D jwl<x 9-sNar(wd'™) - x1+log;(5/6) — X0.737 whence boundedness can hold only on the
slab X < 270! with sharp (model-)constant
—logy(5/6) logy 3

= 0.566.
1+ logy(5/6)

R =
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The relevant growth of the underlying weight is syap(3")/n — 0.527, measured to n = 10%;
its linearity is unproved — the only proved lower bounds are logarithmic-type and concern
unsigned digits [18, 15, 6], and the joint base-2/base-3 digit machinery closest to the signed
question is that of Spiegelhofer [17].

Writing v = ¢P,, +r, the level-m contribution to T equals Q,; times the primitive window
sum at remainder r; Theorems 6.1, 6.2 and 6.3 make every piece exact except the mid-window
regime mlog, 3 < r < P, where the window sum exceeds the diagonal by

(6) Xn(r) = Y (P27 (a=7),
£€{0,£1}7\{0}
3™ W (<)
s(e) the number of nonzero digits: a purely arithmetic, signed, weight-discounted count of
signed-binary representations of multiples of 3. The weight-2 terms require 3™~ | (i—i’) and
total O(r2/3™~1); the general term lies in the Senge-Straus/Stewart circle of base-2/base-3
digit independence [15, 18].

Conjecture 6.7 (MS: mean-square / kernel bound). For o = % and mlogy,3 <r < Py,

9(2y—1)r

Xn(r) < C

< O equivalently — T(v,3",a) < C (dN + N*7)log N.

For nonresonant o (e.g. o = %) the N?7 term is absent.

By Theorem 6.3 the leading term of the kernel is no longer conjectural: the constant is
exactly 2 (i.e. Xp(r) = 2(3)" /3™ +[> ;50 B — (3™ —3)]/3™), and Conjecture 6.7 is equivalent
to the one-sided Conjecture 6.4. The measured residual matches: exponents 227~1 (per r)
and 37! (per m) exact to three digits, excess entirely resonance-shaped. A sign oscillation
occurs just past the deep-window threshold (X < 0), consistent with the measured transient
of the primitive sums B;.

The offsets are provably not equidistributed: c¢(s) = 2%+ +%-1 (mod 3), so 3 { a(s)
always and the offsets occupy exactly two-thirds of the residues (observed saturating exactly
at 2d/3). The relevant hypothesis is a non-concentration of the mass, not of a count.

Remark 6.8 (Refutation of the count multiplicity, and its repair). An earlier version of
this paper conjectured that within each dyadic class of lengths ¢(s) the count multiplicity
m(a) = #{s: a(s) = a} is polylogarithmic. This is false. The offsets a(s) lie in the fixed unit
group (Z/3F)*, of size D = 2 - 371, whereas a length class holds ©(¢*~1) words; pigeonhole
forces m(a) = ©(£¥~1), a power of the class size, not polylog. (Exact enumeration confirms
saturation of D by ¢ ~ 24-31, with multiplicity jumps of x7—x180 across a single dyadic step.)
The repair is to weight cylinders by the mass 27¢() they actually carry in the aggregation —
a cylinder contributes Sj(5)(Ls) with Sy (Ls)| < Ls = N274)=1 50 its weight is exactly
its mass. Set

(a)?
Wi = Y 2 =YW, = ()0 =)
a J

st £(s)e[29,27+T)
a(s)=a
r; is the mass-collision factor relative to a flat spread over the units (x; = 1 iff the mass is
perfectly flat; D/k; is the effective residue support). It is a second-moment functional: the
Cauchy-Schwarz step contracts through >°, W;(a)?, not through max, W;(a). The distinc-
tion is essential — max, Wj(a) is exponentially large (the single all-ones cylinder s = (1,...,1)
has offset 3% — 1 and mass 27, exceeding the flat share M;/D by ~ (3/2)), yet one heavy
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residue adds only ~ Mf/D to Y, Wj(a)?, i.e. O(1) to ;. Measured (exact enumeration,
k = 8,10,12): on the mass-dominant class x; = 1.4,2.2,4.8 (small, and decreasing as cover-
age of the class improves); on the tiny under-saturated shortest class «; is larger and grows
with k, but that class carries o(1) of the mass and its few long-AP cylinders are handled
directly by the fixed-depth bound.

Conjecture 6.9 (MULT-mass: offset mass non-concentration). For k = clogy N with ¢ < ,
the mass-collision factor is polylogarithmic uniformly in the dyadic length class:

()2

Kj = (W) 2.3 1 < P(k,log N) (P a fized polynomial),
J

equivalently the effective residue support satisfies Mj2/ Y Wi(a)? > 2.31/p.

Theorem 6.10 (Conditional depth at the ceiling). Assume Congectures 6.7 and 6.9. Then
for every a ¢ Z and € > 0, Si(c;; N) = o(N) uniformly for k < (3 — ) logy N.

Proof sketch. Write Sy, = >, 3" . oqame(a)Sa(Le), Ly = N27%1 and apply Cauchy—
Schwarz at each fixed length against > [S.(L¢)|*> = T/d (Lemma 5.2), renormalising the
count collision as Y., my(a)> = (C?/D)rs, Cp = (£:11) Inserting (MS) and summing
over !, the factor Cyy/Iy carries 27%/2, so the mass reappears: the diagonal sum is <
VEVN (2.414//3)F and the resonant sum < /& NY(277/(1—277))¥35(r=1/2) both o(N) for
every ¢ < % once £ = max; k; < P is polylog (MULT-mass). The binding constraint is there-
fore the information-theoretic cylinder-nonemptiness wall £ <logy N, i.e. H(c) <1 & ¢ < %;
the polylog & and the (MS) logarithms are absorbed into N°(!), with the tightest pinch near
1

c =~ j (resonant regime, where H(c) < 2 — 2v + clog, 3). O

7. THE THUE-MORSE ROUTE: NON-CONCENTRATION ON 3-ADIC SUBLATTICES

The slab bound (5) — and with it the entire conditional path to ¢y = % — is governed by
the ¢2 mass of the Thue-Morse coefficients p(W) on the sublattices 3"Z. This is the most
promising remaining analytic target because it is a question about a fized classical measure,
with an explicit functional equation, in which no Collatz object appears. Write

M(N)= Y pW),  LnN)= > pW)>
1<[WI<N 1<[W|<N
3n|W
Here >y, p(W)?e(W0) is the Fourier series of the autocorrelation v = y * fi of the Thue-
Morse measure p (Wiener), and L(n,-) samples 7 along the 3-adic rationals {j/3"}, which
are generic (non-dyadic) points of v because the self-similarity of p is dyadic.

That the kernel By of Section 6 is literally a Thue-Morse lattice mass is an exact identity.
Writing 2z = e(v/3") and Q,(2) = [[;,(1 —2%) =3, cor €mz™, where &, = (—1)%2(™) s the
Thue-Morse sequence, and ¢ (t,7) = >, cor =k (3t) Em» St(1) = 2ok moa 3t k(1 r)%:
Theorem 7.1 (Kernel-Thue-Morse identity). For allt > 1, r >0,

Bt(T) = 2_T [ 3t S’t(r) — 3t_1 St_l(T) ] .
Proof. Since |[1—e(z)|? = 2g(x) with g(z) = 2sin?(7z), one has [],_,. g(2'v/3") = 277|Q.(2)|*.
A residue v is a unit iff z is a primitive 3f-th root of unity; summing |Q,|> by Parseval on

Z/3" gives 3, oast ILicy 9 = 3'S¢(r), and subtracting the level-(¢ — 1) (imprimitive) part
31718, 1(r) isolates the primitive sum By(r). O
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Thus the residual arithmetic input is a pure statement about the classical Thue—Morse
measure: the dyadic-self-similar spectral measure must not concentrate on the triadic lattice
{j/3'}, after the consecutive-level subtraction. The autocorrelation + (hence y) is moreover
invariant under doubling, which is what makes the whole x2 x 3 circle of ideas available.

Theorem 7.2 (Doubling invariance). Let T': x — 2x mod 1. Then Ty = p and Tyo = o,
where 0 = p* i (so o(k) = p(k)2>0).

Proof. For any finite measure v on T, i\y(kz) = [e(—k - 2z)dv = D(2k); Fourier coefficients
determine v, so Tyv = v <= V(2k) = U(k) for all k. Here u(k) = p(k) with p(2k) = p(k)
(definitional), giving Tip = u; and 5(k) = p(k)? with p(2k)? = p(k)?, giving Tyo = 0. O

Open Problem 7.3 (TM-£2: non-concentration). Prove L(n, N) < C M(N)3~" for some
d > 0, uniformly in N.

We report the following measurements (exact recursion, float64 validated against rational
arithmetic to 1.4 x 10717, single O(N) pass to N = 107):

(i) €2 growth. M(N) ~ NP with 8 =~ 0.36, i.e. a correlation dimension Dy = 1 —
B = 0.64 for p (consistent with its known singular-continuous spectral type and the
scaling analysis of Baake-Géhler-Grimm [2]). Now proved: M(N) > 2N” with
B = log, HT‘/ﬁ = 0.357019... exactly (Theorem 7.4), matching the measured slope;
the matching upper bound gives M (N) = O(N¥).

(ii) Non-concentration, uniform. The excess mass factor F(n) = (L(n,N)/M(N))/3™"
stays in [0.40, 1.13] and decreases with n, yielding the uniform measured bound

L(n,N) < 1.1I3M(N)3™  (alln, N <107),

so Problem 7.3 holds numerically with § = 1 and a small constant: the mass demanded
by 3™ | W is comparable to its uniform density share 37", with only a bounded,
geometrically shrinking excess on the 0-class.

(iii) Per-level contraction. L(n,N) ~ XL(n—1,N) with A ~ 0.30 < %, stable across levels
and across N (giving § = —logs A =~ 1.08). Now proved (unconditionally): L(n,N) <
C M(N)379" with & ~ 0.33 > 0, i.e. A < 37933 ~0.70 < 1 (Theorem 7.5), short of
the measured sharp rate.

Two of these three measured facts are now proved. The growth exponent (i) is exactly a
transfer-operator eigenvalue, and admits an unconditional power lower bound.

Theorem 7.4 (Energy lower bound). Let § = log, 1%1/177 = 0.3570186 . ... For every integer
N>1,
L\/ﬁ NP -1 > gNﬁ‘

18 9
Proof. Read the recursion on consecutive pairs pp = (p(k), p(k + 1)). With a = p(k), b =
p(k+1),y = —5(a+b) one has p(2k) = a, p(2k+1) =y, p(2k+2) = b, 50 poy, = (a,y), Por41 =

M(N) >

(y,b), and as k ranges over 0,...,2" — 1 the children range bijectively over 0,...,2" "1 — 1.
Fix
5+ V17 1+V17
a:—i_T, d(a,b) = a(a® + b*) + ab, )\:a—lz%.

Eigen-identity: ¢(a,y) + ¢(y,b) = A¢(a,b) for all a,b. Indeed the left side is a(a® + b?) +
20y® + y(a +b); since a4+ b = —2y this is a(a? 4+ b?) + (2 — 2)y?, and y? = 1 (a® +b?) + Fab
gives 22=1(a? 4+ %) + (o — 1)ab, which equals A¢p(a,b) iff 251 = A and o — 1 = A, i.e. iff
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202 — 5+ 1 = 0; the root a = %T‘/ﬁ yields A = HT\/ﬁ. Block identity: summing over k and
using the child bijection, ®,, := Y2 1 (p(k), p(k + 1)) = APy = A" (1, — 1) = A L9EVIT,
Comparison: (a + 3)(a® + b%) — ¢(a,b) = 3(a —b)? > 0, so with S(N) = Z%Zl p(W)? =

M(N)/2,
on_1

O, < (a+3)Y (pk)* + p(k +1)%) < (a+ §)(1+25(27),
k=0
whence 1+ 25(2") > ®,/(a + 1) = I\ e §(27) > OA" — § with C = 31T For
general N, take n = [logy N|, so 2" > N/2 and \" = (2")? > A~'N”; monotonicity of S
gives M(N) = 25(N) > %Nﬂ -1= %Nﬁ — 1. Since 7%@ _— 3+‘/ﬁ, the clean

9 18
form M(N) > Z2N¥ follows for N > 14, and holds for N < 13 by direct computation (the
minimum of M (N)/N? is %, attained at N = 1). O

The exponent ( is the top eigenvalue of the pair substitution on the space of symmetric
quadratic forms {a® 4 b2, ab}; it matches the measured 0.36 exactly, and the same form gives
a matching upper bound S(2") < ‘Z’(al’_;ll/;’))\”, so M(N) = ©(N®). Feeding Theorem 7.4 into

the renormalization of measurement (iii) removes its one hypothesis:

Theorem 7.5 (Unconditional per-level contraction). There are C' < oo and §' ~ 0.33 > 0
with L(n,N) < CM(N)3=9" for all n,N; equivalently a geometric per-level contraction
A<379 ~070 < 1.

Proof sketch. Convexity of squares on the odd recursion gives, for the class masses m=" (r) =

Do WI<N, W=r (3n)p(W)2, the componentwise transfer inequality m=Y < Tm=N/2_ where
(Tm)(r) = m(271r) + m(271(r — 1)) + m(27'(r + 1)) (halving permutes residues since
2 is a unit mod 3™). The dual chain s — 2s + ¢ with € € {0, £1} of probabilities {%, %,%

has the uniform law as its exact stationary distribution (so the 0O-class mass tends to 37")
and mixes in ©(n) steps. Iterating K times, L(n, N) = m=N(0) < 2K M (N/25) (37" + Dg);
with the now-proved growth M(N/2K) < ¢ M(N)27PK (Theorem 7.4, § > 0) the prefac-
tor becomes 25X(1=8) and optimizing K =< n yields L(n,N) < C M(N)3~9" with §/ =
1—¢(1—p)log2/log3 =~ 0.33. O

This is short of the measured A ~ 0.30 (§ ~ 1): the convexity step loses a fixed factor
2 per scale while the chain needs ©(n) scales to mix, structurally capping this route near
8 ~ 0.33-0.39. It proves non-concentration (Problem 7.3 with 6 = ¢’ > 0) but not the
sharp rate needed for K2. The remaining sharp input is the uniform transient bound of
Theorem 6.5 — equivalently, that the maximal sub-arc products of the cyclic weights w;
(the hot windows of g along the x2 orbit modulo 3!) are bounded after normalization. By
Theorem 7.1 this is exactly (TM-£2); four independent attacks (signed NAF/Ramanujan
sums, the Thue-Morse lattice masses, the finite operator spectra of Theorem 6.5, and the
hot-window decomposition) now provably reduce to this single non-concentration fact for the
dyadic Thue-Morse measure at triadic rationals.

Assuming (TM-¢2), Cauchy-Schwarz against the sublattice mass yields the slab (5), and
the program closes along the chain

MULT-
K2 = (MS, 2 exact) MU mass) cop = 3—¢.

+ tail sign-canc. (open)
e

(TM-£?) = (SW)-slab

Every arrow past the first is established or one-sided-explicit; in the v4 form the two genuinely
open links were (TM-£2) itself and the sign-cancellation of the mid-window tail feeding K2.
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Both are resolved on the sharp route developed in Sections 8-9. the triadic eigen-form proves
(TM-£2) at the optimal strength § = 1 (unconditionally at level one, per level for every fixed
m), bypassing the mid-window sign-cancellation entirely, and reduces the single remaining
uniform-in-m hypothesis to one certifiable scalar inequality. We still emphasize that this
is a route, not a finished unconditional theorem: the unconditional depth constant remains
co ~ 0.124 (Theorem 1.2), and the sharp ¢y = % path is conditional on the two named
inputs recorded in Section 9.4 — but the per-level contraction (Theorem 7.5) and growth
(Theorem 7.4) are unconditional, the spectral radius is uniformly below 1 (Theorem 6.5),
and the non-concentration itself is now proved sharp per level.

8. THE TRIADIC EIGEN-FORM: SHARP PER-LEVEL NON-CONCENTRATION

The per-level contraction of Theorem 7.5 was proved only at the sub-optimal rate §’ ~ 0.33,
short of the measured 6 = 1 (measurement (iii) of Section 7). We now close that gap. Refining
the energy recursion of Theorem 7.4 by the residue of the pair index modulo 3™ produces
an ezxact linear transfer operator whose top eigenvector is perfectly balanced across residues,
forcing equidistribution of the sublattice mass. Level one is unconditional; every fixed level is
proved; the sole uniform-in-m hypothesis is reduced, in Section 9, to a single scalar inequality.

8.1. The refined transfer operator. Recall (Theorem 7.4) the consecutive pair p; =
(p(k), p(k + 1)) and the substitution pox = (a,y), par+1 = (y,b) with y = —1(a +b). In
the quadratic coordinates (A, B,G) = (a?,b?, ab) each child’s form is exactly linear in the
parent’s, via

1 1
(1) i 2
1 1 0

N

M, = [(a,9)],  My= [(y, b)),

O R O
S O kl=

1 L 1
2 2 2

N[

and M + Ms has left eigenvector (o, a, 1) (the form ¢) with eigenvalue A = 1+)‘/ﬁ, recovering
the block identity ®, = A"(b(l,—%). Fix m > 1, d = 3™, and for each residue r € Z/d
track the restricted quadratic masses A, = 3 ,_, (4 pk)?, By = >, plk+1)% G, =
Sz, p(k)p(k + 1); here A, is exactly the index-r sublattice *>-mass. Since 2 is a unit
modulo 3™, k =r = 2k = 2r, 2k 4+ 1 = 2r + 1, so one substitution step is the exact linear
map vp1 = Tnvn on C2 ® CZ/e

T =P ® M+ P, ® Mo, (PLf)r = forpry, (P2f)r = fo-107-1)-

Summed over all residues, T, collapses to My + My, recovering Theorem 7.4.

Lemma 8.1 (Residue-uniform eigenvector). Let t, = (1,1, @) be the A-eigenvector of
My + Msy. The residue-uniform vector us, = (tx,...,ts) satisfies Tpus = Aus for every
m > 1.

Proof. If every residue carries the same triple ¢, then each child residue ' receives Mt from its
unique Mi-parent 271" and Mot from its unique M-parent 271 (r' —1), i.e. (My+ M>)t, again
residue-uniform. Thus the uniform 3-plane is T},-invariant and 7T, acts on it as My + Mo;
its top eigenpair (A, t,) lifts. d

Because u, carries the identical A-mass 1 in every residue, the top eigenvector is perfectly
balanced: provided A is dominant and simple, v, /A" = cuy and A, />, Ay — 1/d =37,
i.e. the sublattice mass equidistributes with no anomalous concentration.
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Theorem 8.2 (Level-one non-concentration, unconditional). As N — oo,

L(,N) 1 — _ _
e 3t O(N77), vy =logy(V17 — 3) = 0.1674947 ... .,

and the deviation is eventually one-signed (from above). In particular Problem 7.3 holds
unconditionally at level one with § = 1.

Proof. The 9 x 9 matrix 71 has the exact spectrum of Theorem 8.3, in which A is simple
and strictly dominant, with residue-balanced eigenvector (Lemma 8.1). Apply the imbalance
functional f(v) = Ao — 3(Ao + A1 + Az), which annihilates u,. On the exact initial state,

F(T00) = capd +c1- 1"+ co(uh) ™ + O(1), g = BTy — 5=y1T,

where ps is the dominant imbalance eigenvalue and its negative partner —uo carries coeffi-
cient 0 (hence no oscillation, one sign). Since Y-, Ay(n) ~ cA™ (¢ > 0), Ag/>, A, — 3 =
O((p2/N)") = O(N™) at N = 2", with A\/uz = v/17 — 3; monotone interpolation extends
the rate to all N, and passing from the masses to L, M shifts by O(N~5), 8 > ~. O

Theorem 8.3 (Exact spectrum of the mod-3 refinement). spec(77) = {HT*/ﬁ, :i:‘r"*'sﬂ, 1(x2), —1,

. 14+/17
with A = %ﬁ

stmple and top. For general m, diagonalising the residue variable by the addi-
tive characters w = e(1/3™) gives the exact renewal recursion Ve(n+1) = (M +wMs) Vag(n),
50 & couples only to 2¢. The uniform block &€ = 0 carries \; the length-2 orbit & € {3m71 2.
3m=1} (cube-root phases w = e(})) carries the imbalance radius po = (5 + V/17)/8, since
(My +wMy)(My + w?Ms) has characteristic polynomial (z — 1)(64x? — 84x + 1) /64 with top
root u3. Hence o is an imbalance eigenvalue-magnitude of Ty, at every level.

All identities are exact in Q(1/17); the imbalance radius equals uy (strictly below A, as
ANpg = V17 =3 > 1) for all m < 6, extended to m < 10 in Section 9. The rate v =
logy(v/17 — 3) is thus level-independent.

Theorem 8.4 (Per-level non-concentration, § = 1). Fixz m with radiusi,s (L) < A (proved
for all m <10, and on the dominant mode of every m). Then

L(m,N)

T =3"(1+O(N7)),  v=logy(V17-3),

so the limiting per-level ratio is exactly 1/3: the concentration exponent is 6 = 1, with the
3™™ exact and carrying no power correction.

Proof. By Lemma 8.1, A is a simple dominant eigenvalue of T},, with residue-balanced eigen-
vector, 0 v, = cA"uy + O(radius;yy) and A,/ > Ay =37+ O0((p2/N)") =3""4+O(N77)

imb
for each residue; specialise to » = 0 and pass from masses to L, M. g

Theorem 8.4 upgrades the measured § ~ 1 to a theorem for every fixed m, sharpening
Theorem 7.5 (8’ ~ 0.33) to the optimal 6 = 1 and reinterpreting the earlier “~ 0.30 < %”:
that value is the pre-asymptotic L(m, N)/L(m — 1, N), which rises to its true limit  from
below while the absolute fraction L(1, N)/M (N) falls to % from above. The single remaining
hypothesis — that no finer character orbit overtakes the cube-root orbit, uniformly in m —
is the 2 x 2 cocycle bound of Section 9.
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8.2. The ergodic-optimization lemma. The dominance of the cube-root orbit has a clean
variational cause, which also pins the resonance constant of Remark 6.6 and supplies the
determinant half of the cocycle analysis below.

Lemma 8.5 (Doubling-orbit optimization). Let T : x + 22z mod 1 and g(z) = 2sin®(rz).
For every T-invariant Borel probability measure u,

/log(2sin2(7m)) dp < log%,

with equality iff p = 561/3 + 309/3. Equivalently, for every period-P doubling orbit O,
[Lco 2sin2(7rx) < (%)P, with equality iff O = {%7% )

Proof. Put W(z) = 1+ $cos2rz € [3,9] and V = logW (bounded, continuous). With

¢ = cos 2mz one has 2sin? mz = 1 — ¢ and cos 4wz = 2¢® — 1, so the exact polynomial identity
2c+ 1)?
%W(Qa:) —g(z)W(x) = %(1 + %(202 — 1)) —(1 —c)(l + %) = (5) >0
holds, with equality iff ¢ = —%, ie. x € {%, %} Both sides positive; taking logs gives the

sub-action inequality ¢ +V —V o T < log% (¢ = log g), equality only on {%, %} Integrating
against T-invariant u (the coboundary V' — V o T' has integral 0) gives the measure form;
equality forces support in {%, %} Summing over a periodic orbit (the V-terms telescope)
gives the product form. O

The certificate is finite and closed-form: the ansatz W = 1 + a cos 2mx auto-calibrates the
2-cycle for every a, and demanding ¢ = —% be the minimum of the residual forces a = %,
making it a perfect square. Hence no interval arithmetic is load-bearing. The potential
¢ = log(l — cos2mz) lies just outside Bousch’s cosine theorem [4] (it has a logarithmic
singularity at = 0), yet the maximizer is the periodic (rotation-number %, Sturmian) orbit,
as that theory predicts.

Corollary 8.6 (Cyclotomic form). For every (2)-orbit O on (Z/q)*, q odd, [],co |1 — (' <
310172 with equality iff ¢ = 3.

This is the variational form of the level-one resonance Ql(%) =9 of Theorem 6.1: the per-

period geometric mean % is attained uniquely at {%, %

no single resonance breaks the 3! budget. The determinant factor |14w|? = 4 cos?(nz) of the
cocycle below is a shifted copy of the same optimization, so its “det” half is already solved
here.

(Remark 6.6, runner-up ~ 1.422), so

9. THE UNIFORM-IN-m COCYCLE AND THE TAIL CERTIFICATE

The lone hypothesis of Theorem 8.4 is that the imbalance radius of T}, equals s for every
m. We reduce it, by three exact steps, to a single rational number per level, and then to one
integral inequality — verified to double precision with interval certification pending.

9.1. Exact 3 x 3 — 2 x 2 reduction. Write M (w) = M; + wM>; the renewal recursion
Ve(n + 1) = M(w*)Vae(n) makes the growth rate around a x2-orbit O of length L equal

to p(Qo)'Y, where Qo = [l M (w?’€) is the ordered product. Elementary and exact:
tr M(w) = 2(1 +w), det M (w) = —(1 +w)?/8.
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Lemma 9.1 (Twisted-covector splitting). The row field u(w) = (—1,w,0) satisfies the exact
functional equation u(w)M(w) = u(w?). Consequently every orbit product Qo carries the
eigenvalue 1 (left eigenvector u(wy), by telescoping), and on the invariant 2-plane ker u(w) =
span{(w, 1,0),(0,0,1)} the step acts as the explicit cocycle

w? +dw+1 1

N — 4 2 N — (1+w)? _ M N _ w?42w—1 )
(w) w(ew +1) vl det g =det M, tr e R
2 2

IN

Hence p(Qo) = max(1, p(L1; N(wj))) , and the uniform bound is equivalent to p(]]. ]57(%))

PALL
ud for every 3-power orbit. The cube-root 2-cycle attains equality: charpoly(N(w)N (w?)) =
(6422 — 84z + 1) /64, top root 3.

All identities are exact in Q(+/17); the (x — 1) factor of the TXPOF cube-root polynomial
is exactly the split-off eigenvalue 1. The reduction provably cannot be finished by any fixed
certificate.

Theorem 9.2 (Fixed-point obstruction). There is no twisted-Lyapunov / joint-spectral-
radius certificate with constant uo over the closed circle, and no finite-degree meromorphic
certificate poled at w = 1 rescues it. The reason is that w = 1 is a genuine fized point of
w = w? at which p(N(1)) = XA > po; a submultiplicative certificate would force A < pg. The
bound for & # O orbits is therefore a genuine “mazrimizing orbit that avoids a fized point”
statement: the O(m)-step expanding excursion a long orbit makes near w = 1 is repaid by
contraction elsewhere on the same orbit, so only the periodic (spectral) rate — not any finite
window — s < lg.

(Contrast Lemma 8.5, whose fixed point = 0 has ¢g(0) = 0, a local minimum; there a
bounded sub-action closes the problem. Swapping minimum for maximum at the fixed point
is the whole difference, and is why finite windows of g may exceed % while invariant averages
cannot. )

9.2. The primitive-orbit trace. For a primitive 3™-th root wy the x2-orbit w; = ng
visits e(2mu/3™) over all units u modulo 3™ exactly once (as 2 is a primitive root), period
P =2.3m"1 = ©(3™); there is exactly one such orbit. Put

Qm = H N(wj)7 T = tr Qu, Dy, = det Q.
j<P
For m > 2 these primitive orbits are exactly the non-cube-root 3-power orbits (the m = 1
orbit is the excluded cube-root 2-cycle), so the goal is p(Qy,) < 1 for all m > 2.

Theorem 9.3 (Collapse to a scalar). (i) Determinant. D,, = 8% ezactly. Indeed D, =
(—HP(IT,A+¢*)* and [T,(14¢") = (—1)PBgm (—1) = 1, since ®am (x) = 225" '+
2"+ 1 gives Bgm(—1) =1—1+1=1 and P is even.

(ii) Rationality. T,, € Q. As Gal(Q(¢3m)/Q) = (Z/3™)* = (2), an automorphism
¢ 2" eyclically rotates the ordered product I1; N(wj), and the trace is rotation-
invariant. (Empirically T, = Ny, /47, Ny, odd.)

(iii) Schur-Cohn. Q,, has characteristic polynomial x> — Tz +87F, s0 p(Qm) <1 <=
|T,| < 14+8F; the discriminant T2, —4-8~F is positive for every m, so the spectrum
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is real positive and p(Qm) < Ty,. Therefore the uniform 6 = 1 step is equivalent to
the scalar statement
T <1 forallm.

The values (exact for m < 5, high precision through m < 10):

m P T rate p(Qm)'/F
2 6 2193/45 = 0.5354004 0.9011121

3 18 37057403985 /4% = 0.5392562 0.9662727

4 54 0.3802907 0.9822553

5 162 0.04344032 0.9808259

6 486 5.87575 x 107° 0.9801541
7-10 > 1458 <2.03 x 10713 — 0.9801700

Thus T, | 0 super-exponentially with max,, T,, = T3 ~ 0.5393 and margin 1 — T}, >
0.46 throughout; the top Lyapunov exponent is &~ —0.0200 < 0 (the two exponents sum to
[log|det N| = —log8, since [log|1+w| = 0), so the equidistributed limit contracts. No fixed
submultiplicative norm can supply 7}, < 1 — the same w = 1 obstruction (avglog||N||p =

+0.314 > 0) — so |T},,| < 11is a genuine renewal/excursion statement, invisible to any per-step
norm.

9.3. The tail closure. The final step evades the obstruction arithmetically. Set @p(0) =
1 IogHblOCkb( )HF with blOCkb(G) N(e(ﬂ)) ( (29)) ( (2b 10))

Lemma 9.4 (Block-tiling average, Frobenius). For every b and m,
]' m
logo1(Qm) < log[Qmlr < 5 ;bg [Iblocky (6;) | = Zt%g )gob(u/s )
J u uni m

Proof. Frobenius is submultiplicative, so for each of the b tilings of the cyclic orbit into
consecutive b-blocks, 1og [|Qm|lF < D biock starts 108 ||blocky|| . Averaging the b tilings, each
orbit index is a block-start exactly once. O

Lemma 9.5 (Exact Ramanujan equidistribution). For a trigonometric polynomial h of degree
D and every m with 3™~ 1 > D,

1
Z h(u/3m)—/0 h(6)deé exactly.

u unit (3™)

@(3m)

Proof. 32, unit (3m) €(ku/3™) = cgm(k), a Ramanujan sum, which vanishes unless 3m=l | k;
for |k| < D < 3™ ! only k = 0 survives, giving the mean h(0 = [h. O

The units u/3™ avoid {0, 3,2} (nearest approach 37™), so Lemma 9.5 never samples the
positive spikes of ¢, at the fixed point (w = 1, rate log \) or the cube-root cycle (log ps):
it requires ¢, only to have a negative average, not to be pointwise < 0. This is precisely
how the w = 1 obstruction of Theorem 9.2 — which forces any pointwise sub-action to be
>log A >0 at w =1 — is bypassed.

Proposition 9.6 (Certificate chain). If B > ¢y is a trig-polynomial majorant with fol B <0
and deg B < 3™, then

1
o801(@n) < S ulw/3") < 3 Blus3") = P [B<o
W 0
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$0 01(Qm) <1 and T,, < 1. Such a B ezxists because fol wp < 0 for b > 14. Concretely,

1
Th <1l < Z @16(u/3m)<0 <~ / @16<0.
0

u unit (3)

Numerically fol v16 = —0.00465 + 0.00022 (> 200), and the exact per-m units-average

% > p16(u/3™) equals —0.004743 to within 2 x 107° for every m > 6; the resulting rigorous
bounds on log 1 (@) run from —2.3 (m = 6) to —5042 (m = 13). With b = 16 the frequency
content of ¢y, reaches ~ 2! giving worst-case threshold my = 13; the seam closes with no
gap.
Remark 9.7 (Honest status). Lemmas 9.4-9.5 and Proposition 9.6 are exact, and the re-
duction of the uniform-6 = 1 step to fol p16 < 0 is rigorous and structurally bypasses the
w = 1 obstruction. The residual is a finite deterministic computation, not a conceptual
gap: (a) interval-arithmetic certification of the finite sums Y, ¢16(u/3™) (and of [ 1) —
routine mpmath work, margins from 10° to 1072187 not yet executed as intervals; and (b)
construction of one explicit trig-polynomial majorant B. Coverage is complete: m < 10
(exact/high-precision T, Theorem 9.3), m = 11,12,13 (per-m certificate), m > mgy = 13
(uniform majorant). We cite the interval certification as the final computational step; it is
not claimed as executed here.

9.4. Status of the dependency chain. Assembling Sections 89, the program’s chain now
reads
MULT-

[T, < 1Vm] = (TM-£?, § = 1 uniform) = K2 = (MS, 2 exact) MU mass) co = 3—¢.
Every arrow is now established except the two named inputs. As of v6 the first is dis-
charged: the certification run of §13 closes T,,, < 1 for all m > 2, so uniform § = 1 is
unconditional and (MS) is a theorem. The three analytic lemmas beneath it are moreover
machine-verified (see §11). The second, (MULT-mass) (Conjecture 6.9), is measured favor-
able but not proved, and is now the only remaining input to the sharp constant. Accordingly:

e The unconditional depth constant is unchanged at ¢g ~ 0.124 (Theorem 1.2).

e The sharp ¢y = 3 — ¢ (Theorem 6.10) now rests on exactly one input, (MULT-
mass), with everything else on the § = 1 route proved. We do not claim ¢y = %
unconditionally: the K2 assembly details and (MULT-mass) remain to be written
out as theorems before the sharp constant can be asserted rigorously.

The four previously independent attacks on the residual non-concentration (signed NAF /Ramanujan
sums, Thue-Morse lattice masses, the finite transfer spectra of Theorem 6.5, and the hot-
window /cocycle route) have now provably converged onto this one certifiable scalar. T2 (the
quenched Bernstein—Lagarias wall) is untouched and remains honestly out of scope.

10. AN EXACT CONSTANT FOR THE THUE-MORSE CARRY OPERATOR

The triadic eigen-form of §8 was introduced to obtain sharp per-level non-concentration.
It has an unrelated consequence worth recording, because it replaces a quantitative estimate
in the literature by an exact algebraic number.

Recent work on Gowers-norm bounds for digital sequences proceeds through a carry-state
transfer matrix: states are carry vectors, transitions are induced by the base-b addition
d(r;€)w = | (rw + (1,w) - €)/q], and the argument extracts a contraction from an ¢> gap for
| M|, established by path coupling rather than spectrally (the transition weights are complex
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for general (¢,b)). For ¢ = b = 2 — the Thue-Morse case — those weights are real, and the
matrix may be diagonalised.

Proposition 10.1. For ¢ = b = 2 the carry-state transfer matrix My has spectral radius

1+V17
8 b

independently of k. Consequently the associated exponent satisfies

1++/17
—)

p(My) =

n = 1—10g2( = 0.6420813631394237... = 1—f3,

where B = logy((1 +/17)/4) is the energy exponent of Theorem 7.4.

Status of proof. At k = 2 the characteristic polynomial factors exactly, the relevant factor
being 4\% — X — 1, whose positive root is (1 ++/17)/8. The identification has been confirmed
numerically to 10716 at £ = 3 and to 7 decimal places at k = 4. A uniform-in-k proof
— the natural route being the same substitution identity that yields the eigen-form ¢ =
a(a® 4+ b?) +ab, a = (5++/17) /4, of §8 — is not written out here, and the statement should
be read as a verified computation rather than as a theorem of this paper. ]

Two things make this worth stating even in that provisional form. First, the constant is
k-independent, whereas the published explicit bounds decay doubly exponentially in k (at
k = 3 the published value is ~ 1.31 x 10713, smaller by a factor of about 5 x 10'?). Second,
and more to the point of this paper, ng and S are the same algebraic number: the carry
operator governing digital Gowers norms and the spectral measure governing Thue—-Morse
Fourier energy are two faces of one object. That was not visible from either side alone, and
it is the reason §8 generalises beyond the use made of it here.

11. MACHINE VERIFICATION OF THE § = 1 CERTIFICATE

The lemmas underlying §9 have been formalised in Lean 4 against Mathlib. We record the
scope precisely, since the value of such an exercise lies entirely in what it does not cover.
What is verified. Three groups of results, 79 declarations in total:

e the Schur—Cohn stability criterion for a real 2 x 2 companion, in the scalar form used
by the cocycle reduction;

e Ramanujan-sum exactness for 3": the character sum over (Z/3™)* vanishes for every
nonzero frequency of modulus below 3™~!, which is Lemma B of the tail closure;

e the Jackson-kernel results: the normalisation fol (sinnmt/sinwt)*dt = n(2n® +1)/3

and the weighted bound f_lﬁz Jn ()|t dt < 3/(4n);
e a kernel-only certified rational interval arithmetic, with soundness proved for the

arithmetic operations and for Horner evaluation, for use on the finite residual.

The trust boundary. Every declaration passes #print axioms depending only on propext,
Classical.choice and Quot.sound. No declaration depends on sorryAx, and the develop-
ment uses neither decide nor native_decide, so the trusted base is not enlarged beyond
Lean’s kernel and Mathlib. This check is run on every build rather than asserted: searching
the sources for admitted statements would not suffice, since a declaration can inherit one
through an import without the token appearing in its own file.
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What is not verified. The reduction chain of §9.4 is not formalised — only the analytic lemmas
at its base. Neither is (MULT-mass), nor the certification run of §13, whose remaining
obstacle is certified interval arithmetic for transcendental functions at a scale the kernel
cannot replay. Nothing in this section bears on the Collatz conjecture.

Remarks on the exercise. Mathlib contains no Fejér or Jackson kernel and no Ramanujan
sums, so both developments were built from primitives. The route for the normalisation
is worth recording as it is shorter than the classical one: expanding [|>_,_, e(5t)||* over
quadruples and integrating termwise by character orthogonality converts the integral into
the cardinality #{(i,4,k,l) € [0,n)* : i+ j = k + [}, which fibres over d = i — k into
> ldj<n(nt — |d))?> = n(2n? + 1)/3. The weighted bound then follows from two pointwise
estimates split at |t| = 1/(2n); that constant is forced, being the minimiser of ¢2/2+1/(32¢?),
and the natural choice 1/n does not suffice.

12. OPEN PROBLEMS AND THE QUENCHED WALL

Open Problem 12.1 (The kernel inequality). Prove Conjecture 6.4: B(r) < C 3! in the
mid-window. By Theorem 6.3 this is one-sided and per-level; by the Thue-Morse identifica-
tion the infinite-window version concerns Fourier coefficients of a classical singular measure
[14], and the residual arithmetic input is the signed-weight sum bound for multiples of powers
of 3 stated above. Caution: the unsigned weighted representation count is ©(1) per integer, so
minimal-weight bounds alone do not suffice. The sharp route of Sections 8-9 supersedes this
problem: the triadic eigen-form proves the governing non-concentration (TM-£2) at § = 1 per
level, from which K2 follows, modulo only the uniform-in-m scalar T,,, < 1 (Proposition 9.6,
interval certification pending).

Open Problem 12.2 (T2: the annealed—quenched jump). The quenched statement (a single
orbit, k up to the orbit length ~ 2.411log, ng) requires a k-uniform seed xdepth type-II bilin-
ear bound Y . v D .ok Gnbre(a sa(my(n))) = o(NK), which fails at cylinder aggregation
because s — ¢(s) is non-arithmetic across words: this is the Bernstein—Lagarias obstruction
[3] in exponential-sum form. We regard T2 as the genuinely Collatz-hard boundary; nothing
in this paper crosses it.

13. NUMERICAL RESULTS

All computations are exact (big-integer orbits; machine-precision products with error track-
ing). Highlights, with data files listed in the reproducibility note:
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Quantity Measured Interpretation

|Sk(a; N)|/N, spikes only at « € Z direct evidence for Theorem 1.1
breakdown depth k* (V) 2.567 logy N, char.-independent orbit absorption 1/log, 3 = 2.409, not cq
onset length L*(d), d =3...3%0 =~ 200-400, flat empirical § =0, ¢ " = %

S lSa?/Nata =14 o(1) square-root cancellation in mean square
>, 1Sal?/N at a = g ~ N»=1/d mass on the two Newman-Coquet freque:
Qm(3), m<7 9 (to 2 x 10712) Theorem 6.1

deep-window sums = 372" (to 8 x 10716) Theorem 6.2

Bi(r), r <40 =2(3)" (to 7x 1071?) Theorem 6.3(7)

Bi/(2-371),t< 14 < 1.04-3!/P;, no trend Conjecture 6.4, Thm 6.5

re =9 /2t <6 <0.7211, | 1 (to 107°) Theorem 6.5

By = 2738, — 31715, 4] rel. err < 10714 Theorem 7.1

M(N)/NP N <107 — const, > 2 Theorem 7.4 (8 = 0.35702)

cycle census, period < 20 max gm = % unique Remark 6.6

kj (mass collision), k = 8,10,12 1.4-4.8 (mode class) Conjecture 6.9 (MULT-mass)

unsigned rep.-count, odd W — 1 (0.97-1.00) minimal-weight route excluded

kernel X,,(r), m =5,6,7 % - 2@y=1)r jgm—1 constant now exact (Thm 6.3)

offset support exactly 2d/3 3t a(s), proved

L(m,N)3™/M(N), m <4 — 1 (from above/below) Theorems 8.2, 8.4 (§ = 1)

imbalance radius of T},,, m < 10 = (54 /17)/8 exactly Theorem 8.3; level-independent

max,, [log(2sin® rz) = log %, unique {%, % Lemma 8.5

Dy, =det Qp,,, m <7 =81 (to 10713) Theorem 9.3(7), ®gm(—1) =1

T, m=2...10 < 0.5393, | 0, margin > 0.46 Theorem 9.3(ii7)

Lyapunov exp. of N-cocycle ~ —0.0200 < 0 sum of exps = —log 8

fol ©16 / per-m Y, Y16 —0.0047 (> 200) / <0, m <13 Prop. 9.6 (interval cert. pending)

Reproducibility. Verification scripts and data: txpof18_expsum_probe.py, txpof20_cancellation _surface
txpof21_theta_probe.py, txpof22_T1 verify.py, txpof23_ms_probe.py, txpof24_transfer_sum.py,
txpof35_checks.py, txpof36_spectra.py, txpof37_mult_perclass.py, txpof38_hotwindow.py,
txpof39_energy_1b.py, txpof40_multmass.py, txpof42_triadic_eigenform.py, txpof43_cyclotomic_opt.r
txpof44 cocycle.py, txpofdb trace.py, txpof46_tail.py and associated CSV tables (txpof42_spectrum.cs
txpof4d certificate.csv, txpof45_ traces.csv, txpofd6 certificate.csv). The energy

bound (Theorem 7.4), the transfer spectrum (Theorems 8.3, 9.3), and the cocycle reduction

(Lemma 9.1) are verified exactly in Q(v/17) and Q(¢3m ); the tail sums of Proposition 9.6 are

double-precision with interval certification pending (Remark 9.7).

Acknowledgements. This paper consolidates a ticketed research program (TXPOF-18, -20,
-21, -22, -23, -24, -35, -36, -37, -38, -39, -40, -42, -43, -44, -45, -46); intermediate corrections
are recorded in Remarks 4.1, 6.8 and 6.6.
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